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Introduction
In practice, the valuation of contingent claims is typically a multi-dimensional problem that involves Monte Carlo simulation. The rate of convergence of a Monte Carlo simulation is n −1/2 , where n is the number of sample paths. Hence, improving the accuracy by a factor of 10 requires 100 times as many sample paths. For this reason variance reduction techniques become essential.
Importance sampling reduces the variance by changing the drift of the simulated sample paths.
Variance reduction achieved through importance sampling very much depends on the change of drift. Much of research effort focuses on how to change the drift to fully exploit the variance reduction potential of importance sampling. Multi-Level Monte Carlo is a Monte Carlo simulation performed on different levels. The main advantage of Multi-Level Monte Carlo is that it has lower computational complexity due to reduced variance compared to the basic Monte Carlo. Moreover, the variance of Multi-Level Monte Carlo can be further reduced by combining it with other variance reduction technique such as importance sampling.
In this paper, we focus on importance sampling for multi-asset options and importance sampling in a Multi-Level Monte Carlo simulation. Our contribution is as follows. First, we present an application of importance sampling with a stochastic change of drift to multi-asset options. Next, we provide an efficient importance sampling scheme in a Multi-Level Monte Carlo simulation.
Finally, we extend the Likelihood Ratio Method Based on Characteristic Function to estimate the Greeks of multi-asset options and in a Multi-Level Monte Carlo and we combine it with the importance sampling to reduce the variance of the Greeks.
There is relatively little work on variance reduction for multi-asset options. Barraquand (1995) introduces quadratic resampling and combines it with the importance sampling. Avramidis (2002) proposes an algorithm that selects the importance sampling density as a mixture of multivariate Normal densities. Neddermeyer (2011) develops non-parametric importance sampling in conjunction with quasi-random numbers. Su and Fu (1999) , Bouhari (2004) as well as Caprotti (2008) use importance sampling with a deterministic change of drift. In Su and Fu (1999) the change of drift is depends on stochastic optimization. In Bouhari (2004) the change of drift relies on the Robbins-Monro algorithms whereas in Caprotti (2008) it is based on the least squares minimization. Pellizzari (1998) suggests the use of control variate based on unconditional and conditional expectations of asset prices as a variance reduction technique for multi-asset options in the Black-Scholes model.
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The rest of the paper is organized as follows. In Section 2 we present an application of importance sampling with a stochastic change of drift to multi-asset options in the Heston stochastic volatility model and the Bates stochastic volatility model with jumps. We consider basket, best-of, worst-of, spread, absolute and composite options. We also extend the Likelihood Ratio Method
Based on the Characteristic Function to multi-asset options. In Section 3 we discuss the application of importance sampling in a Multi-Level Monte Carlo using the Heston-Hull-White model and the Heston-Cox-Ingersoll-Ross model. We demonstrate that applying importance sampling only on the first level can significantly improve the effective performance of the Multi-Level Monte
Carlo. We use the Likelihood Ratio Method Based on the Characteristic Function to estimate the Greeks in a Multi-Level Monte Carlo and combine it with the importance sampling to reduce the variance of the Greeks. We also study the impact of the skew on the effective performance of importance sampling. What we mean by the skew is the correlation between asset returns and their volatility. We study this feature because it is an important stylized fact of financial time series. Finally, Section 4 concludes the paper.
Importance Sampling
Here, we present an application of importance sampling for multi-asset option in the Heston model.
We use a stochastic change of drift for a stochastic volatility model that was derived by Fouque and Tullie in [7] .
In the Heston model the stock price dynamics under the risk-neutral measure Q is
whereas the variance dynamics is given by
where κ i is the i-th mean-reversion rate, θ i is the i-th long-term variance and ξ i is the i-th volatility of the volatility. The correlation matrix is
where
is the correlation corresponding to the asset price processes
is the correlation corresponding to the asset price processes and the variance processes and
is the correlation corresponding to the variance processes.
The difference between the Heston model and the Bates model is that in the Bates model the stock price dynamics under the risk-neutral measure Q becomes
where Z i,t is a compound Poisson process with intensity λ i and log-normal distribution of jump sizes such that if k i is its jump size then ln (1
To apply this result to multi-asset options we will express the Heston model in matrix notation.
where C = ΣΣ , η t is a 2n-dimensional correlated Q-Brownian motion and
Let h (t, X t ) be η-adapted process. We introduce the martingale
and define a new probability measureQ by the density
By the Girsanov theorem for correlated Brownian motions, the process
is a 2-dimensional correlatedQ-Brownian motion. Thus under a new probability measureQ the model dynamics becomes
The optimal choice of h for which the variance of the Monte Carlo estimator underQ is minimized
This result is also valid for the Bates model with the difference that
We refer to [13] for details.
For both models we approximate P (t, X t ) using its fast mean-reversion expansion as in [7] which is given by the price of a European option in the Black-Scholes model with volatilitȳ
and initial stock priceS = N i=1 S i . We use the fast mean-reversion expansion because it can be used in conjunction with a look-up table introduced in [13] which dramatically reduces the computational time.
Basket Option
The payout of a basket option depends on the performance of a basket of underlying assets, each with its own corresponding weight. The weights w i must satisfy the constraints 0 ≤ w i ≤ 1 for all i = 1, · · · , n and n i=1 w i = 1. The payout of the basket call with maturity T is given by
The main advantage of a basket option is that it offers great flexibility in the construction of the underlying basket and it is usually cheaper than buying vanilla options on each of the underlying assets.
As an example we will consider basket call on three underlying assets. We assume that the time to maturity is 1 year. Other parameters are 
We note that the Feller condition is satisfied for each underlying asset.
In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In On average importance sampling reduces the variance 5 times compared to the basic Monte Carlo.
Best-of Option
Best-of option depends on the performance of the best performing asset in a basket. The payout of the best-of call with maturity T is given by
Best-of call has a higher upside potential compared to a call option on the same a basket of underlying assets.
As an example we will consider best-of three underlying assets call option. We assume that the time to maturity is 1 year. Other parameters are Table 3 : Model parameters and the correlation matrix is given by (16). We also note that the Feller condition is satisfied for each underlying asset.
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In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In Table 4 : Price and variance of price for best-of call as a function of
On average importance sampling reduces the variance 3 times compared to the basic Monte Carlo.
Worst-of Option
Worst-of option depends on the performance of the worst performing asset in a basket. The payout of the worst-of call with maturity T is given by
Worst-of call has a lower upside potential compared to a call option on the same a basket of underlying assets.
As an example we will consider worst-of three underlying assets call option. We use the same parameters as in the previous section. In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In Table 5 On average importance sampling reduces the variance 3 times compared to the basic Monte Carlo.
Spread option
Spread option depends on the difference between two underlying assets. Seller of such an option is long correlation which differentiates it from the majority of multi-asset options that leave the seller short correlation. The payout of the spread call with maturity T is given by
As an example we will consider spread call. We assume that the time to maturity is 1 year.
Other parameters are 
In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In On average importance sampling reduces the variance 13 times compared to the basic Monte Carlo.
Absolute option
Absolute option is an option written on the absolute value of the difference between the two underlying assets at maturity. The payout of the spread call with maturity T is given by
As an example we will consider absolute call on two underlying assets. We assume that the time to maturity is 1 year. Other parameters are Table 8 : Model parameters and the correlation matrix is given by (20). We also note that the Feller condition is satisfied for each underlying asset.
In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In Table 9 we report the results for basic Monte Carlo and importance sampling for the Heston model and the Bates model. For the Bates model, we assume that the jump intensity is 1 per year, standard deviation of the jumps is 2% and the mean jump size is -5%. Table 9 : Price and variance of price for absolute call as a function of
On average importance sampling reduces the variance 7 times compared to the basic Monte Carlo.
Composite
Composite option is an option on a foreign underlying asset with a strike denominated in the domestic currency. The holder of a composite option faces foreign exchange risk, but benefits from having fixed the strike in the domestic currency. The payout of the composite call with maturity T is given by
where FX is the foreign exchange rate.
As an example we will consider composite call. We assume that the time to maturity is 1 year.
Other parameters are In a Monte Carlo simulation we use 10 000 sample paths and a time increment of 0.001. In On average importance sampling reduces the variance 2 times compared to the basic Monte Carlo.
Greeks
Price of a multi-asset option can be expressed as expectation under the risk-neural measure Q
where φ (S 1 (T ), · · · , S n (T )) is the payout function. Using the definition of expectation, this can be written as
where f (x 1 , · · · , x n ) is the joint density.
Let us consider the first derivative of the option price with respect to S 1 (0)
is the likelihood ratio. By Sklar's Theorem there exists a copula C such that
In [13] we showed that the CDF and PDF for both the Heston model and the Bates model can be obtained as
where φ is the characteristic function. n th order differentiation of (25) gives an expression for the joint density.
. Other Greeks can be computed in a similar manner. In order to estimate the Greeks with respect to correlation between assets we will use an analytical copula as an approximation of copula in (25).
As an example let us again consider basket call. As an approximation of the joint PDF for the 
In Figure 1 we display the joint PDF for the first and second underlying asset in Table 1 . The joint PDF in the upper panel was obtained using the Monte Carlo simulation. The joint PDF in the lower panel was obtained using t copula with 62 degrees of freedom and marginal PDFs of the first and second underlying asset in Table 1 . Correlation matrix and the number of degrees of freedom were estimated using maximum likelihood.
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Figure 1: Joint PDF for the first and second underlying asset in Table 1 for the Heston model.
In Tables 12 and 13 Table 12 : Delta and variance of delta for basket call as a function of
On average importance sampling reduces the variance of delta 2 times. On average importance sampling reduces the variance of gamma 2 times.
As an approximation of the joint PDF for the Bates model we will use t copula with 30 degrees of freedom and the correlation matrix given by (27).
In Figure 2 we display the joint PDF for the first and second underlying asset in Table 1 . The joint PDF in the upper panel was obtained using the Monte Carlo simulation. The joint PDF in the lower panel was obtained using t copula with 30 degrees of freedom and marginal PDFs of the first and second underlying asset in Table 1 . Correlation matrix and the number of degrees of freedom were estimated using maximum likelihood.
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Figure 2: Joint PDF for the first and second underlying asset in Table 1 for the Bates model.
In Tables 14 and 15 Table 14 : Delta and variance of delta for basket call as a function of
Multi-Level Monte Carlo with Importance Sampling
Multi-Level Monte Carlo is a Monte Carlo simulation with different number of time steps h l = 2 −l T on each level l = 0, 1, · · · , L. Let P denote the payout and P l denote its approximation on level l.
The Multi-Level Monte Carlo estimator is given by
LetŶ 0 denote an estimator for E [P 0 ] using N 0 sample paths and letŶ l denote an estimator for E [P l − P l−1 ] using N l sample paths.Ŷ l is calculated as a mean of N l independent sampleŝ
It is important to note that P l and P l−1 are obtained using the same Brownian path. This is done by first constructing N l Brownian increments to evaluate P The variance of the Multi-Level Monte Carlo estimator is
The mean square error is given by
2 so the upper bound on the mean square error is 2 .
We wish to minimize the variance of Y for a given computational cost C = L l=0
shown that the optimal number of sample paths for level l is
Overall, Monte Carlo for a given has computational complexity proportional to −3 whereas that of the Multi-Level Monte Carlo is proportional to −2 (log ) 2 due to reduced variance.
To illustrate the performance of Multi-Level Monte Carlo with the importance sampling we will use the Heston-Hull-White model and the Heston-Cox-Ingersoll-Ross model. The dynamics of these models under the risk neutral measure Q is given by
where dW Table 16 we report European option prices and relative errors with respect to the semi-analytical solution for different strikes under the Heston-Hull-White model and the Heston-Cox-Ingersoll-Ross model. Table 16 : Option price and relative error with respect to the semi-analytical solution.
Given the nature of the Multi-Level Monte Carlo, we observe that it is possible to use importance sampling on all levels or some levels. We will refer to the former case as full importance sampling. We note that the first level, where l = 0, is the coarsest, because the time step at this level is T . The point is that variance at level l decreases as l increases because both P l−1 and P l accurately approximate P as they are obtained using the same Brownian path. Therefore, as an alternative to the full importance sampling we will consider importance sampling on the first level only. In Figure 3 we illustrate the effective performance defined as the ratio of variance reduction from importance sampling to speed for different strikes. Speed is defined as the ratio of computa- 
∆ =
is the likelihood ratio which can be obtained from the characteristic function as in [13] .
In Tables 17 and 18 Table 18 : Gamma and variance of gamma.
On average importance sampling reduces the variance of gamma 7 times.
Another interesting question is whether the skew has an impact on the effective performance of importance sampling. To answer this question we consider two scenarios. In the first scenario ρ S,v = −0.3, and in the second scenario ρ S,v = −0.7. In Figure 4 we illustrate the effective performance in each scenario for different strikes. The results indicate that the skew has no significant impact on the effective performance of importance sampling. Finally, we will use the Multi-Level Monte Carlo to price basket call on three underlying assets.
We will use the same parameters as in Section 2.1 and λ = 0.05, r 0 = θ = 0.05, η = 0.01, Table 19 we report the results for basket call on three underlying assets and in Figure 5 we illustrate the effective performance. 
Conclusion
We have presented an application of importance sampling with stochastic change of drift to multiasset options. We have illustrated the use of importance sampling with basket, best-of, worst-of, spread, absolute and composite options as examples. Based on our results, importance sampling reduces variance of multi-asset options by a factor of 3-13 on average across the strikes.
We have provided an extension of the Likelihood Ratio Method Based on the Characteristic Function to multi-asset options and combined it with the importance sampling to reduce the variance of the Greeks. Based on our results, importance sampling reduces variance of Greeks of multi-asset options by a factor of 2 on average across the strikes. Finally, we have studied the impact of the skew on the effective performance of importance sampling. Our results suggest that the skew has no significant impact on the effective performance of importance sampling.
